The Brown-York quasi-local energy of a charged rotating black hole described by the KerrNewman metric and enclosed by a fixed-radius surface is calculated by direct computation. No special assumptions on the angular momentum or the radial coordinate in Boyer-Lindquist coordinates were placed. An analytic expression in terms of incomplete elliptic integrals is given. The resulting expression is used to analyze the self-energy of an electron which is assumed to be described by the Kerr-Newman metric. Evaluating the energy using the values of mass, angular momentum and charge of an electron a value in the order of the Planck energy is obtained.
I. INTRODUCTION
In this paper the quasi-local energy (QLE) as given by Brown and York [1] of a charged rotating object which is described by the Kerr-Newman metric is calculated. For this purpose the quasi-local surface energy density is integrated over surfaces with constant r in BoyerLindquist coordinates. The object could be a black hole even though charged black holes play only a minor role in astrophysics. Previous work has dealt with their uncharged counterparts already [2] which are more interesting in astrophysical considerations.
The main application is seen in applying the QLE to models which describe elementary particles by the KerrNewman metric. Interest in this idea can be traced back at least to a remark by Carter [3] who pointed out that the magnetic moment of the electron as described by the Dirac equation agrees with the value which can be assigned to this metric. More recently the idea has been further elaborated on by Burinskii (cf. [4] and the references therein).
Hadrons were also treated as Kerr-Newman black holes [5] because of striking similarities [6, 7] . However, the focus of this article is on leptons only.
The Brown-York QLE has many attractive features which makes it stand out among other definitions of energy in general relativity. It can be derived from an action principle which includes all proper boundary terms, it satisfies a conservation law in a weaker sense and possesses a property of additivity. Energy differences within a region can be interpreted as being caused by a flux of energy into our out of this region. Furthermore, it gives reasonable results in the ADM limit [20] -if the metric can be embedded into flat space. Like energy in classical mechanics it is possible to set a reference energy. In the formalism of the Brown-York QLE this reference point appears as an arbitrary functional S 0 [γ ij ] in the action. While there is no universal agreement upon how this functional is to be chosen for every possible metric * Electronic address: bss28@cornell.edu even setting S 0 to zero is an allowed choice since any choice will leave the underlying equations of motion unchanged. Usually only energy differences are necessary to describe a physical process. An absolute reference is only needed when the vacuum itself is subject to being investigated.
The QLE which includes the self-energy of an object has been computed for charged and uncharged nonrotating black holes [8] . In the limit r −→ 0 the QLE vanishes. For uncharged rotating objects the QLE diverges slowly in this limit [2] . In the latter case the reference term S 0 has been omitted. It is conceivable that a proper reference term would absorb this divergence. In this work a different approach is taken, though, with S 0 still being set to zero.
Purely electromagnetic models treating the electron as a charged spinning ring have not proven successful in removing the singular behavior of the self-energy [9] .
Extensive use of computer algebra has been made in order to compute the results in this paper with most of the work being done with Maple 17 for Solaris 10 and the add-on package GRTensor II [10, 11] . Some results were double-checked with Mathematica 7 and the add-on package MathTensor 2.2.2 [12] . A very recent upgrade to GRTensor III 2.1.11 [13] running on Maple 18 under Linux yields the same results.
Geometrized units with G = c = 1 will be used throughout the text unless stated otherwise.
II. DESCRIPTION OF ELEMENTARY PARTICLES BY THE KERR-NEWMAN METRIC
As stated before the final result which will be given in eqn. 15 should be employed to compute the self-energy of an electron. One may argue how reasonable it is to treat an electron as a "black hole". The term "black hole" should not be taken too literally, though. Due to the values of a, Q and m of the electron any such blackhole would be super-extremal exposing a naked ring singularity which is not hidden behind an event horizon. Also the Compton wavelength of an electron is many orders of magnitude larger than the classical Schwarzschild radius which raises doubts as to whether the electron "would fit inside" the horizon if there was a horizon to begin with. However, up to now the correct theory of quantum gravity is still unknown, so whether this argument can be upheld can presently not be decided. The work in this paper is purely classical in nature with (in a suitable unit system) entering the model via the angular momentum of the electron only. Furthermore, the interactions in QED are assumed to be point-like which is the cause for divergent self-energy terms. As it is well known the problem is not solved by the fuzziness of quantum mechanics but rather by a proper renormalization procedure accompanied by QED with the latter providing structure to the electron surrounding it by a cloud of virtual electron-positron pairs.
III. BROWN-YORK QUASI-LOCAL ENERGY
We compute the Brown-York QLE enclosed by a boundary B with induced metric σ µν in a timeslice Σ whose time evolution is denoted by 3 B in the form
with the surface stress-energy-momentum tensor being defined as
where S cl is the action consisting of the Einstein-Hilbert term, a potential matter term and boundary terms [14] 
evaluated at a classical solution of the Einstein field equations. This effectively suppresses the bulk term and the matter action and the definition of τ ij is based on the presence of the boundary terms. S 0 is an arbitrary functional of γ ij . Its inclusion does not alter the equations of motion and is a source of ambiguity.
The induced metric of 3 B embedded in the spacetime M is labeled γ ij and its extrinsic curvature is denoted by Θ µν = −γ λ µ ∇ λ n ν . The unit normals of Σ and 3 B are u µ and n µ , respectively. On 3 B they are assumed to satisfy the orthogonality condition u · n|3 B = 0.
3 B and B share the same normal vector n µ . The surface gravity is denoted by κ. Note that τ ij includes both the energy due to the gravitational field and the matter fields. In general the index "0" refers to reference terms whereas unreferenced quantities are denoted by the index "1".
IV. EVALUATION OF QUASI-LOCAL QUANTITIES
We use the Kerr-Newman metric in modified BoyerLindquist coordinates
This representation of the metric is highly efficient for use with symbolic computer algebra systems [15] and reduces the number of off-diagonal elements.
Computing energy and momentum contained in a finite region the results will depend on the chosen boundary. For the remainder of this paper boundaries with r = const. will be used. The following unit vectors are chosen
which satisfy the conditions n µ n µ = 1, u µ u µ = −1 and u µ n µ = 0.
Evaluating with GRTensor yields
Intermediate results for Θ µ ν and τ µν can be found in the appendix. Using the variable substitution x ′ = cos θ the integration over dθ giving the QLE
succeeds using Maple 17. This results in a complex expression which can be expressed in terms of the incomplete elliptic integrals
we obtain
unless r(2m − r) − Q 2 < |a| and r(2m − r) − Q 2 ≥ 0. If this condition is met the QLE diverges. Eqn 15 may be used to analytically continue the QLE into this undefined region if analyticity can be imposed on the QLE. Nonetheless, the resulting expression is suitable for numerical evaluation. Maple input code of eqn. 15 can be found in the appendix.
V. LIMITS OF E1
For Q = 0 eqn. 15 reduces to the case without charge [2] 
where
which further reduces to
for |a|/m ≪ 1 [16] and finally to
in the Schwarzschild limit a = 0 [1] with κ = 8π. Setting a = 0 in eqn. 8 we obtain from eqn. 15 for r > 0 [8]
For the small sphere limit we content ourselves with the zeroth-order approximation of eqn. 8 at r = 0. Keeping higher ordered terms will result in a divergent series even when eqn. 15 gives finite results. Using the variable substitution above eqn. 10 yields
VI. RESULTS AND DISCUSSION
As proposed initially the expressions derived for the QLE of Kerr-Newman spacetimes are supposed to be used to compute the self-energy of the electron with a brief outlook to other fermions. Computing the QLE a reference energy has to be chosen. As in past treatments this reference term will be omitted setting S 0 to zero which is harder to justify in this context because we will possibly be making statements about the vacuum. Since most statements will rely on results in the small sphere limit r −→ 0 we assume that a proper reference term, e.g. obtained by some sort of counter-term method [17, 18] , will vanish in this limit. Furthermore, due to the relation [2] 
we could consider a hypothetical process in which an existing Schwarzschild black hole is fed through a flux of stress energy until it reaches the desired values of mass, angular momentum and charge. The initial Schwarzschild black hole serves as a reference whose QLE (unreferenced or referenced by an embedding into flat space) approaches zero as r −→ 0. For the Kerr-Newman metric and our choices of normal vectors τ
In fig. 1 the QLE is plotted as a function of r for the mass, angular momentum and charge of an electron in units of Planck energy. In the limit r −→ 0 the QLE converges to
The same result is obtained from eqn. 22 which can be further approximated in the limit Q ≪ a
Note that in order to satisfy the last condition m ≪ J/Q since a = J/m. Also, eqn. 22 predicts E 1 to diverge for a = 0 and Q = 0. Thus, in this model a particle which has spin needs to possess charge as well. If we insist on the absence of a horizon we also have to demand
The picture for the neutrino is more involved. For m = 0 and r −→ 0 the conditions for eqn. 15 to be valid are satisfied, but for m = 0 and r −→ 0 they are not. Despite the convergence conditions not being satisfied evaluating eqn. 15 (thus analytically continuing the expression into the invalid region) results in huge but finite values for E 1 . More work is needed to fully understand this casepossibly considering a non-zero cosmological constant as well. Fig 1 suggests that the values of the mass, charge and angular momentum are such that the resulting selfenergy is neither much below nor much beyond the Planck energy. Thus, we speculate that the electron can be considered to be the fermion whose self-energy at r = 0 is in the order of the Planck energy. On subatomic scales the Planck energy is huge. In this context it is interesting to note that the Planck energy can be computed as the mass which produces a black hole whose Compton wavelength is equal to its Schwarzschild radius, thus providing a possible way out of the problem of the Compton length of the electron being much larger than its Schwarzschild radius (cf. also [19] ).
The muon and the tau are unstable particles and could possibly be described as excited states of a yet unknown theory. It is pointed out again that the presented model is purely classical in nature in the sense that it is not quantized in any way. enters the model as parameter of the angular momentum only. So far no distinction between the measured renormalized values for charge and mass and their corresponding bare values has been made using the former throughout this work without exception. It may be argued that for the proposed application the bare values would have to be used since the model is supposed to describe a single particle. This issue may be resolved by the fact that the QLE "measures" the energy within a region enclosed by a boundary which would possibly include clouds of virtual particles. Due to the considered solutions being super extremal the particles would not be shielded by an event horizon. Whether such superpositions are feasible has to be investigated in a future work. Because of the non-linear nature of general relativity the results are not obvious.
One shortcoming of the zeroth order expansion ought to be mentioned. Whereas eqn. 21 predicts E 1 = −|Q| for a = 0 and r = 0 eqn. 22 only gives zero.
In future work the presented computations should be repeated with a non-zero cosmological constant. Other obvious generalizations would include numbers of dimensions other than 3 + 1. Also, attempts should be made at recovering the exact value of the self-energy eqn. 24, e.g. by use of semi-classical quantization methods like path integral quantization along null geodesics [21] .
